We study the quantum spectral curve of the Argyres-Douglas theories in the Nekrasov-Sahashvili limit of the Omega-background. Using the ODE/IM correspondence we investigate the quantum integrable model corresponding to the quantum spectral curve. We show that the models for the A 2N -type theories are non-unitary coset models
Introduction
The Argyres-Douglas (AD) theory is a strongly coupled N = 2 superconformal field theory in four dimensions, where mutually non-local monopoles/dyons become massless [1] . The AD theory is realized by degeneration of the Seiberg-Witten (SW) curve of N = 2 gauge theories [2, 3] . More general methods to obtain the AD theories are to use the hypersurface singularities in type IIB superstrings [4] or the Hitchin systems [5] .
Recently there has been recognized a remarkable correspondence between 4d N = 2 superconformal field theories and 2d conformal field theories [6] . For the AD theories this correspondence is confirmed by comparing the central charges in both theories and calculating the superconformal indices and the characters of the 2d chiral algebras [7, 8] .
It has been conjectured that a class of the AD theories correspond to non-unitary W minimal models [4, 5, 9] . Recently this conjecture has been proved by using the Hitchin system [10] .
One can study N = 2 theories in the Nekrasov-Shatashvili limit of the Ω-background [11] . The SW curve is quantized where the deformation parameter plays a role of the Planck constant [12] . In particular Gaiotto studied the quantized SW curve for the A 1 and A 2 -type AD theories and compared the wave functions for the quantum curves with the solutions of the thermodynamic Bethe Ansatz (TBA) equations [13] . The ADE-type TBA equations and the associated Y-systems were obtained in [14] from the analysis of the wallcrossing of the BPS spectrum [15] . For the A n -type AD theory the quantum spectral curve becomes the second order ordinary differential equation with the (n+1)-th order potential.
It turns out that the same ODE appears in the context of the ODE/IM correspondence.
So it would be interesting to apply the method of the ODE/IM correspondence to the quantum spectral curve of the AD theories. We will find the integrable model represented by conformal field theory has the same properties as the CFT predicted by the 4d/2d correspondence.
The ODE/IM correspondence describes a relation between the spectral analysis approach of ordinary differential equation (ODE) and the functional relations approach to the 2d quantum integrable model (IM) [16, 17, 18] . The ordinary differential equations for the integrable models associated with the Bethe equations of a classical Lie algebra g have been proposed in [19] . For a general Lie algebra g, it is obtained from the conformal limit of the linear problem for the modified affine Toda field equations associated withĝ ∨ , while the full linear problem describes the massive version of the ODE/IM correspondence [20, 21, 22, 23, 24, 25, 26] (see also [27] for a classical Lie algebra case). Hereĝ denotes the untwisted affine Lie algebra of g andĝ ∨ the Langlands dual ofĝ. The Stokes coefficients of the solutions of the ODE are represented by the Wronskians. They satisfy the functional relations called the T-systems and the Y-systems. We can identify the associated integrable models from the TBA equations which are obtained from the Y-system [28] .
In this paper we study the quantum spectral curves of the AD theories of the ADEtype from the viewpoint of the ODE/IM correspondence. In particular we discuss the Y-system and the TBA equations for the A n -type AD theories without flavor symmetry.
We find that the integrable model is identified with the non-unitary minimal model which is predicted by the 4d/2d correspondence.
This paper is organized as follows: In sec. 2, we review the quantum deformation of the Seiberg-Witten curve of the AD theory. In sec. 3, we study the quantum spectral curves of the A n -type AD theories via the ODE/IM correspondence. We construct the T-/Ysystems from the quantum spectral curves and find the corresponding two-dimensional conformal field theories. We study the explicit relation between the Y-functions and the quantum periods and the exact Bohr-Sommerfeld quantization condition satisfied by the quantum periods. In sec. 4, We study the (A m , A n )-type AD theories and construct the T-/Y-system. We also discuss a generalization to the D n and E n type AD theories in sec. 5.
Sec. 6 contains conclusions and discussion. In the appendix the matrix representations of the E-type Lie algebras are presented.
Quantum SW curve for the Argyres-Douglas theory
In this section we review the Seiberg Witten curve of the Argyres-Douglas theory [1] and its quantum deformation. We will consider the AD theory obtained by the degeneration of the SW curve of N = 2 gauge theory with gauge group G of ADE-type [29] . The SW curve for the gauge group G of a Lie algebra g is obtained as the spectral curve of the periodic Toda lattice associated with the dual of its affine Lie algebraĝ ∨ and a representation R of g [30] . After the degeneration of the curve, the SW curve becomes (see [31] for a review)
where W R g is the superpotential of a variable x and the Coulomb moduli parameters u 1 , . . . , u n . Here n denotes the rank of g. For example, W n+1 An for the Lie algebra A n and the (n + 1)-dimensional fundamental representation n + 1 is given by
The SW differential for the curve (1) is defined by λ SW = ξdx. This differential determines a symplectic structure dλ SW = dξ ∧ dx in the (ξ, x)-space.
Now we consider the AD theory deformed in the NS limit of the Ω-background [11] .
In this limit, the deformed theory can be described by the quantum spectral curve, where
. The quantum spectral curve is defined by a differential equation
Let us consider the A n type theory which has the superpotential with u 1 = · · · = u n−1 = 0 and u n = −v,
Then (3) becomes
Rescaling x and v as
we get the differential equation
This is the ODE appearing in the ODE/IM correspondence [16, 17] without the potential term ℓ(ℓ+1) z 2 , which produces non-trivial monodromy around the origin. We can apply this procedure to the spectral curve ξ m+1 = x n+1 + v, which corresponds to the (A m , A n )-type AD theories [4, 7] . Rescaling x and v to z and E, respectively, we obtain the quantum spectral curve
This belongs to the special class of the A m -type ODE [32] , whose solutions have trivial monodromy around the origin. In this paper, we call the equation (8) [7] .
In the following we will study the A n type quantum spectral curve using the ODE/IM correspondence. We investigate the integrable model using the functional relations which are obtained from the ODE.
3 A n -type quantum spectral curve
In this section we study the quantum spectral curve of the (A 1 , A n )-type AD theories using the ODE/IM correspondence. After reviewing the ODE/IM correspondence [18] , we discuss the T-/Y-system obtained from the (A 1 , A n )-type ODE and the related integrable model. Based on the WKB analysis, we study the relation between the Y-functions and the quantum periods, and study the exact Bohr-Sommerfeld quantization condition for the quantum periods.
We study the ODE/IM correspondence for the quantum spectral curve (7) . Let y(z, E) be a solution of the differential equation (7), which decays along the real positive axis as
This is called the subdominant solution, which is uniquely defined in the sector S 0 :
. Since the differential equation (7) is invariant under the rescaling (z, E) → (ωz, ω −2 E) with ω = e 2πi n+3 , one can define the Symanzik rotation of y(z, E) by
for an integer k. y k (z, E) is the subdominant solution in the sector
There are n + 3 sectors S 0 , . . . , S n+2 which cover the complex z-plane. Since both y k and y k+n+3 are subdominant in the same sector S k , y k+n+3 (z) is proportional to y k (e −2πi z).
Moreover the solutions of (7) have trivial monodromy around z = 0. We find
This relation is important to determine the boundary conditions of the T-/Y-system.
We define the Wronskian
for the solutions y k and y i . W k,i is independent of z and is regarded as a function of E.
We can choose {y 0 , y 1 } as a basis of the solutions of the ODE because W 0,1 = 0. We have determined the normalization factor in (9) such that W 0,1 = 1. From the Symanzik
We expand y k in the basis {y 0 , y 1 } as
We define the T-functions T s (E) by
where we have used the notation f
From the Plücker relation of the 2 × 2 determinants
we obtain the T-system:
It is obvious that T −1 = 0 and T 0 = 1 from their definitions. From (11) we find the boundary conditions: T n+1 = const. and T n+2 = 0. We introduce the Y-functions by
The Y-functions satisfy the Y-system:
The boundary conditions for the Y-functions are Y 0 = Y n+1 = 0. Then (18) becomes the
TBA equation and the central charge
From the Y-system (18), we will obtain the Thermodynamic Bethe Ansatz (TBA) equations [28, 18] . We introduce the parameter θ by e θ/µ = E where µ = n+3
2(n+1)
. We also introduce the pseudo-energy by
It is known that the pseudo-energy take the form m k Le θ for large θ [33, 18] . The coefficients m s L of e θ are determined by the Y-system as
Here b 0 is given by [18] 
With this asymptotics (20) , one can convert the Y-system to the TBA equations
where the integration kernel φ ss ′ (θ) is obtained as the Fourier transformation of
Here h = n + 1 is the Coxeter number of A n and G sl is the incidence matrix of A n .
From the TBA equation (22), we can evaluate the ground state energy as
where
In the UV limit, the effective central charge is evaluated as
For even n, due to the double counting of the nodes by the identification s ↔ (n + 1) − s of the A n Dynkin diagram, there is a factor of two difference from the central charge of the parafermionic CFT [18] . The central charge (26) is also obtained from the NLIE approach [18] .
The effective central charge (26) corresponds to that of the non-unitary CFT with the
and the primary field with the lowest conformal dimension
, where the effective central charge is defined by c ef f := c − 24∆ min . For even n, this non-unitary CFT is identified with the minimal model M 2,n+3 [34] . This minimal model is also realized by the coset CFT with fractional level [35] 
The correspondence between (7) and (27) was also confirmed by using other functional relations such as Baxter's T-Q relations and the quantum Wronskians [34, 36] .
Let us compare this 2d integrable model (27) obtained from the ODE/IM correspondence with the 2d CFT obtained by the 4d/2d correspondence. The chiral algebra corresponding to AD theories (with no flavor symmetry) engineered from the M5 branes have been classified in [9] . Here we focus on the AD theory without flavor symmetry. For the A n -type AD theories where n is even, the corresponding 2d CFT is the coset CFT (27) .
Moreover in [14] the TBA equations have been derived from the BPS spectrum [15] . For the A n -type AD theories, the Y-system is exactly the same as (18).
Y-functions and quantum periods
We now study the WKB solution of the quantum spectral curve (3). The WKB solution ψ(x) of (3) takes the form
where c(ǫ) is a constant and P (x) satisfies
be determined recursively. It is convenient to decompose P (x) into two parts:
Now we consider the (A 1 , A n )-type ODE (5) where (7) are regarded as the function of x and are parametrized by v and ǫ, which are denoted by y k (x, v, ǫ). In this parametrization of the solution, the
2(n+3) . Here we have fixed the initial point x k of the contour integration.
k is the sign factor, where the minus sign is taken when the integration variable We will evaluate the Wronskian W k,i for the solutions y k and y i . Substituting the WKB solution (32) into the Wronskian (12), we get
Here we have chosen the sheets such that the explicit x dependence does not appear in the expression. This can be done when the condition δ k = −δ i holds.
We then define the Y-function (17)
.
Note that the present Y-functions have also appeared in the study of minimal surface in 
where γ s is the cycles defined as follows. We label the zeros of x n+1 + v (for even n) as
). Then γ 2j+1 are the cycles that enclose the cut between p −(j+1) and p j (counter)clockwise for odd (even) j. γ 2j are the cycles enclosing p −j and p j (counter)clockwise for even (odd) j. In Fig. 1 , we describe the contours for the A 4 case.
We can evaluate log Y s as the power series in ǫ. At the leading order in ǫ, we have
where 
The integral is evaluated as
Therefore the asymptotic behavior of log Y s is given by
This agrees with (20) up to a phase factor of i s−1 η
, which comes from the argument of the integration contour in the complex plane.
Exact Bohr-Sommerfeld quantization condition
We have seen that the Y-function is related to the quantum period. For some special values of E, the quantum periods satisfy the Bohr-Sommerfeld quantization condition.
For a fixed k, we consider the boundary condition for the solution of (7) such that the solution decays exponentially at large |z| in the sectors S 0 and S k+1 :
Since ψ = y 0 in S 0 can be expressed in terms of the basis y k+1 and y k+2 :
Then the boundary condition (41) implies that
which can be regarded as the condition on the parameter E. This equation can be written in the form
for an integer I and a fixed k. At large θ, from (20) , this condition is expressed as
where I is a large integer. This is the quantization condition for θ. For k = 1, we note that the condition (45) on E coincides with the one obtained in [33] which is based on the zeros of W 0,2 (E) at large E. From (35) , (45) is written in the form
This is the Bohr-Sommerfeld quantization condition for the classical period.
We have argued that the appropriate boundary condition of the solution of the quantum spectral curve leads to the condition on the argument of the Y-function and the quantum deformed period. The convolution term in TBA equation provides the higher order corrections to the Bohr-Sommerfeld quantization condition.
(A m , A n )-type quantum spectral curve
In this section, we study the (m + 1)-th order ODE (8) , which is associated with the Lie algebra A m [19] . We introduce a parameter M by (m + 1)M = n + 1 in (8). Then the ODE (8) becomes
Let y(z, E) be the solution of (47), which is subdominant in the sector S 0 :
. y(z, E) has asymptotic behavior along the positive real axis as
The ODE (47) is invariant under the Symanzik rotation (z, E) → (ωz, ω (m+1)M E) with
n+m+2 . Then for integer k
is the solution which is subdominant in the sector
There are n + m + 2 sectors S 0 , . . . , S n+m+1 which cover the z-complex plane. Since the solutions have trivial monodromy around z = 0, we have
The Wronskians of the solutions y i 1 , . . . , y i m+1 is defined by
The Wronskian (51) is independent of z and is regarded as a function of E. Defining
E), the Wronskian satisfies the relation
Then we introduce the T-functions T s,l (1 ≤ s ≤ m, l ∈ Z) by
From the Plücker relation for the determinants of (m + 1) × (m + 1) matrices:
we find that the T s,l satisfy the functional relations:
Here T 0,l = T m+1,l = 1 and
The condition (50) implies that T s,n+2 = 0 and T s,n+1 is a constant. We then get the (A m , A n )-type T-system [39] . We also introduce the Y-function Y s,l by
Then from (54) the Y-functions are shown to satisfy
From the boundary conditions for the T-functions we obtain
Using these boundary conditions, (57) becomes the (A m , A n )-type Y-system [39] . From the WKB analysis of the solutions, we may calculate the asymptotic behavior of the Yfunctions at large θ, which leads to the TBA equations. Since the period integral is rather difficult to evaluate, we left the detailed analysis of the TBA equations for future work.
The integrable model related to the (A m , A n )-type ODE has been studied in [19, 40] based on the NLIE approach. The ODE (47) has been proposed to correspond to the non-unitary minimal model: 
This 2d CFT corresponds to the (A m , A n )-AD theory without flavor symmetry as predicted by the 4d/2d correspondence [9] .
5 Quantum spectral curves for D n and E n cases
In this section we will discuss the quantum spectral curve of the (g, A m )-types, where g is a simply-laced Lie algebra. We propose that the (g, A m )-type quantum spectral curve is given by the ODE associated with the conformal limit of the modified affine Toda field equations associated for the affine Lie algebraĝ ∨ . For a classical Lie algebra g the ODEs have been constructed by [19, 27, 22] . Let us consider the linear problem for the modified affine Toda field equation forĝ of a simply laced Lie algebra g of rank n. In the conformal limit [20, 22, 24] , it takes the form:
where A(z) is the connection defined by
Here α 1 , . . . , α n are simple roots of g and α 0 := −θ where θ denotes the highest root of g. For the A n -type Lie algebra, we take the (n + 1)−dimensional fundamental represen-
, where E ij denotes the matrix with the elements (E ij ) ab = δ ia δ jb . The ODE for the top component ψ 1 (z) of Ψ(z) is given by
Choosing p(x) = z m+1 − E, one obtains the (A n , A m )-type quantum spectral curve.
D n
For the D n -type Lie algebra, we construct the quantum spectral curve by using the 2n×2n matrix representation:
The linear problem (62) becomes the ODE for the first
This is a special type of the D n -type ODE, whose solutions have trivial monodromy around z = 0 [19] . Let us consider the case p(z) = 2 1−n (z 2 − E) as an example. Then (65) becomes
The differential equation has a (2n − 1) dimensional basis of the solutions. We start with the solution y(z, E) decaying along the positive real axis. From the WKB analysis, it is found to be
and C is a constant. y(z, E) is the subdominant solution in the sector
. The ODE (66) is invariant under the rotation (z, E) → (ωz, ω 2 E) with
. We then define the Symanzik rotated solution y k (k ∈ Z) by
where a is a constant to be determined in the following. y k (x, E) is subdominant in the sec-
. We thus have obtained the set of solutions {y 0 , y 1 , . . . , y 2n−2 }.
However these do not provide the basis of the solutions since their Wronskian is shown to be zero. We find the other solution independent of y 0 , . . . , y 2n−3 whose asymptotic form is given by
The solution is a decaying solution at |z| → ∞ and is invariant under the Symanzik rotation. We can determine the constants C and a such that their Wronskian is normalized as
for any integer i 1 . Since the solutions have trivial monodromy at z = 0, y k 's satisfy the condition:
Let us define
Then the Wronskians obey the relation
We introduce the T-functionsT s,l (1 ≤ s ≤ 2n − 3, l ∈ Z) bŷ
where r = 2n−3. From the Plücker relation (53) for the determinants of (2n−1)×(2n−1) matrices, we find the functional relations satisfied by the T-functions:
whereT 0,l =T 2n−2,l = 1. We also haveT .T s,1 (s = 1, 2, 3)
satisfy a (A 3 , A 1 )-type T-system (74). The condition (71) leads toT
s,1 , we obtain the A 3 -type T-system with the boundary condition T 4 = −1. This can also be seen from the fact that the D 3 -type ODE is equivalent to that of A 3 [19] .
We next consider the D 4 case where the constants are fixed as C = i 1/6 √ 6
and a = 1.T s,l satisfy the (A 5 , A 1 ) T-system (74), which is given bŷ
whereT 1,2 =T 5,2 =T 3,2 = −1,T 2,2 =T 4,2 = 1. (71) leads to the periodicity conditions:
We now introduce the new T-function T s,l (s = 1, 2, 3, 4 and l ∈ Z) bŷ
The non-trivial T-system exists when 
We have redefined the T-functions to construct the D 4 -type T-system. For n ≥ 5, it would be possible to construct the D n -type T-system by some redefinitions. Note that one can also redefine the Q-functions which satisfy the D n -type Bethe ansatz equations from the A n -type Q-fucntions [19] .
We now investigate the relation to the (D n , A m )-type AD theories. For the (D n , A m )-type AD theories without flavor symmetry m must be even [9] . Let us choose p(z) = 2 1−n (z m+1 −E) in (65) with even m. In [19, 40] the ODE has been proposed to correspond to the non-unitary W D minimal model:
with the fractional level L = 2n−2 m+1 − (2n − 2). Thus the ODE/IM correspondence for the D n -type ODE leads to the relation between this CFT and the (D n , A m )-type AD theory,
Conclusions and Discussions
In this paper, we studied the relation between the quantum spectral curves of the ArgyresDouglas theories and the integrable systems represented by the functional relations. For a class of the AD theories without flavor symmetry, the quantum spectral curves become the ordinary differential equations which appear in the study of the ODE/IM correspondence.
We used the ODE/IM correspondence to obtain the T-system and Y-system satisfied by the Wronskians of the solutions. In particular we have studied in detail for (A 1 , A n )-type ODE with even n and found that the corresponding integrable models are realized by the non-unitary minimal models as predicted by the 4d/2d correspondence of the AD theories.
This was generalized to a class of (A m , A n )-type ODEs. Thus the ODE/IM correspondence provides a useful tool to study the AD theories explicitly from the viewpoint of the integrable systems. In particular, we have shown an explicit connection between the Y-functions and the quantum periods of the (A 1 , A n )-type AD theories. The quantum periods can be expanded analytically in terms of the integrals of motion of the 2d CFT [34, 38] . It is an interesting problem to compare the higher order corrections to the quantum periods in the WKB approximation and the one obtained from the TBA equations in order to see the connection between the AD theories and the 2d integrable system more precisely.
It is also interesting to generalize the present massless ODE/IM correspondence to the massive ODE/IM correspondence [20] , which describes the flow between two distinct AD theories via the integrable deformations.
For odd n, the (A 1 , A n )-type AD theories have flavor symmetries [4] and the related 2d CFT has the affine Lie algebra symmetry. It is interesting to study the corresponding 2d CFT from the viewpoint of the ODE/IM correspondence [44] .
The quantum spectral curves for the (A m , A n )-type AD theories can be regarded as the differential equations obtained from the conformal limit of the linear problem associated with the modified A
m affine Toda field equations. Based on this construction we propose the quantum spectral curve for (g, A 1 )-type AD theories for simply-laced Lie algebra g.
However the (pseudo-)ODE is rather complicated. So it would be better to study the T-/Y-systems and the TBA equations from the Wronskian of the solutions of the linear system [20, 46] .
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A Matrix Representation for E r -type Lie algebras
In this appendix we summarize the matrix representations for the E r -type Lie algebras.
In particular, we give the explicit matrix representation for the Chevalley generator E α i (i = 0, . . . , r). Other generators E −α i and α ∨ i · H can be expressed as
In the following E i,j denotes the matrix with components δ ia δ jb .
